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TlocGRmflemcsi naMsimu B. H. Apnojitda 
CoBeTbi iHTaTejiio 

HanaTb HHTaTb 6poiniopy pa3yMHO c BBefleHHH. Ero Tpn nyHKTa npaKTHne- 
ckh He3aBHCHMbi /rpyr ot flpyra, h hx mojkho ^iiiTaTb b nporaBOjibHOM nopH^,Ke. 
Bnpo^eM, ohh pacnojiojKeHbi b nopa/nte B03pacTaHHH cjiojkhocth. B flajibHeii- 
ineM H3 BBefleHiiH Hcnojib3yeTca tojibko nyHKT 11.21 

OcTaBHiiieca naparpacpbi npaKTHnecKH He3aBHCHMbi p$yv ot ^,pyra, h hx 
mojkho HiiTaTb b npoH3BOjibHOM nopa/nte. Bnpo^ieM, ohh pacnojiojKeHbi b no- 

pH^,Ke B03paCTaHHH CJIOJKHOCTH. 

OcHOBHoe co^epsKaHHe 6poiHiopbi — yTBepjKfleHHe [2] H3 nyHKTa 11.21 ero pp- 
Ka3aTejibCTBO b |§ 3| h ero o6o6ihchhh b naparpacpax |§ 4| h |§ 5| 

B 6poHiiope MHoro saj^an, o6o3HaHaeMbix jkhphmmh irncppaMH. BojibiHHH- 
ctbo 3aflan Hecjio^KHbi. BipH stom, ecjin ycjiOBHe 3aflanH HBjiaeTCH (popMyjiH- 
poBKOii yTBepjK^eHHH, to 3to yTBepjK^eHHe h Haflo jj,OKa3aTb. QopMyjinpoBKH 
sa^an HyjKHO npo^HTaTb — sto noMOJKeT BaM noHHTb tgkct, ,n,a>Ke ecjin bbi He 
CMOxeTe peniHTb 3ajj;aHH. Ecjih HeKOTopbie BCTpenaioiHHecH, ho He onpeflejieH- 

Hbie nOHHTHH BaM He3HaKOMbI, TO MOJKHO HJIH HTHOpHpOBaTb COOTBeTCTByiOIHyK) 

saflany, hjih y3HaTb onpejrejieHHe (y npeno/jaBaTejis, b wikipedia, b KHHrax...). 
^ByMH 3Be3^0HKaMH OTMeneHbi 3aflaHH, penieHne KOTopbix MHe Hen3BecTH0. 
06HOBjiaeMaa Bepcna: no^mepjKHBaeTCH na http:/ /arxiv.org/abs/1003.5278. 

Bjiaro.a.apHOCTH 

Abtop 6jiaro/i,apeH B. Kjienubmy, T. Mep30Hy h A. CocHHCKOMy 3a nojie3Hbie 
3aMeHaHHH h o6cyjK/i,eHHH. Abtop 6biji noftn,ep}KaH rpaHTOM cpOH,n,a CanMOHca. 



§ 1 BBefleHHe 
1.1 H30MeTpHiecKaa oGteMJieMaa oflHopo^HOCTi. 

KaKOH (popMbi MoryT 6biTb hojkhh, hto6h 
h3 hhx mojkho 6bijio BbiTamiiTb ca6jiio? Ilepe- 
(popMyjinpyH 3tot Bonpoc Ha MaTeMaTHnecKOM 
H3biKe, mm npHxo,u;HM k cjieflyromeMy onpeflejie- 

HHK). 

Onpe,a,ejieHHe. IIo^,MHO>KecTBO N npo- 
CTpaHCTBa M. m (b nacTHOCTH, njiocKOCTH R 2 
hjih TpexMepHoro npocTpaHCTBa R 3 ) Ha3braaeTCH u30Mempuv,ecKu o6seMAeMo 
odnopodHUM, ecjin pjlsl jhoGmx flByx TO^eic x,y € N cymecTByeT /raKsceHHC 
(t. e. H30MeTpHa) npocTpaHCTBa, nepeBOflamee x b y, a N b ce6a. 

HanoMHHM, hto ppvCMSKBieM (t. e. H30MeTpHeii) Ha3biBaeTca npeo6pa30Ba- 
Hne, coxpaHHiomee paccToaHHH, cm. phc.[T]h[21 

Otmcthm, hto b 3TOM onpeflejieHHH ne Tpe6yeTCH HenpepbiBHOii 3aBHCHMO- 

CTH JTBHJKeHHH OT X H y. XoTH e§ H 6bIJIO 6bl eCTeCTBeHHO n0Tpe60BaTb, HCXOflH 
H3 HCXOflHOH «(pH3HHeCKOH» Safla^IH. 
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Phc. 1. PeineTKa 



Phc. 2. 06pa3 peineTKH npn flBH»ceHHH 



1. Cjiejxyioiinie noflMHOJKecTBa H30MeTpHHecKH o6i>eMjieMO o/nropo^Hbi: 

(a) napa Tonex Ha hjiockocth; 

(b) BepniiiHbi npaBHjiBHoro MHoroyrojibHiiKa Ha hjiockocth; 

(c) nejiOHHCjieHHaH penieTKa (t. e. mhojkgctbo tohck, Bee KOop^iiHaTM koto- 
pi>ix nejibie) Ha hjiockocth; 

(d) OKpyjKHOCTb S 1 :— {(x, y) 6 R 2 : x 2 + y 2 = 1} Ha hjiockocth; 

(e) ccpepa S 2 :— {(x, y, z) e R 3 : x 2 + y 2 + z 2 = 1} b TpexMepHOM npocTpaH- 
CTBe (pnc. [3]); 

(f) BHHTOBaH JIHHHH B TpCXMGpHOM npOCTpaHCTBG (pHC. 1]), T. C JIHHHH, 3a- 

iiaHHaH napaivieTpHiecKHM ypaBHCHHeM r(t) — (£, cost, sin t)\j 

(g) o6 r be r zi 1 HHGHHe flByx OKpyjKHOCTeft b TpexMepHOM npocTpaHCTBe, orpaHH- 
HHBaroiinix ocHOBaHHH npsivroro KpyroBoro inuiHHiipa (t. e. flByx OKpyscHOCTeft, 
o/nia H3 KOToptix nojryneHa H3 jrpyroii napajijiejibHMM nepeHOCOM Ha BeKTop, 
ncpncHflHKyjiapHbiH hx hjiockocthm) , cm. pHC.[Bl 

(h) Top b R (pnc. [5]), hbjihioihhhch npoH3Be;xeHHeM flByx OKpyjKHOCTeii 
(hjih, hto to ?Ke caMoe, 3aflaHHbiH napaMeTpiiHecKHM ypaBHeHHeM r(s 1 t) — 
= (cos s, sins, cost, sin <)). 

Bee 3th npHMepti MoryT 6mtb TpHBHajibHO o6o6iHeHbi Ha bbichihc pa3Mep- 
hocth. ^eiicTBHTejibHO, jierKO coo6pa3HTb, hto ecjin njiocKoe H30MeTpHHecKH 
o6T)eMjieMO o,zi,HopoiiHoe noflMHOJKecTBO paccMOTpeTb KaK nojj,MHo:>KecTBO Tpex- 
MepHoro npocTpaHCTBa, to oho TaKsce 6ya,eT H30MeTpHnecKH o6T>eMjieMO o,h,ho- 

pOflHBIM. 

2. Cjie/jyiomiie no^MHOJKecTBa He hbjihiotch H30MCTpiiHecKH o6T>eMjieMO o,n,- 

HOpOflHBIMH: 

(a) MHO>KecTBO BepniHH HcpaBHOCTopoHHero TpeyrojibHHKa Ha njiocKOCTH; 

(b) OTpe30K b R 1 (yKa3amie: paccMOTpnTe ero Kpataioio TOHKy); 

(c) o6T>e,iniHeHHe nepeceKaioiHHxca npHMbix (yKa3aHHe: paccMOTpnTe TOHKy 
hx nepeceHeHHa) ; 

(d) napa6ojia y = x 2 Ha hjiockocth; 

(e) o6 r be r zniHeHHe flByx OKpyjKHOCTeii b TpexMepHOM npocTpaHCTBe, otjihhhoc 
ot npHBefleHHoro b npejjbiiiyiHeH 3ajj,aHe (pnc. [6]); 

(f) Top BpameHHH b R 3 (pnc. yKa3aHHe: y hikojibhhkob mojkct He nojiy- 
HHTbca jj,OKa3aTb 3to). 



1 Ilo TaKOH kphboh flBH>KeTCH sjieKTpoH b iioctohhhom MarHHTHOM nojie, ecjiH Hanpa>KeH- 
hoctb H HBjiHGTCil nocTOHHHBiM bgktopom h HanajibHan ckopoctb ajieKTpoHa He napajuiejibHa 
h He nepneH^HKyjinpHa Hanpn^KeHHOCTH. 3to mojkho ^,OKa3aTB, HcnojiB3y5i 3aKOH Bho — Ca- 
Bapa — Jlanjiaca flBH>KeHHfl ajieKTpoHa, yTBep>KflaioiHHH, mto 7 = 7 X H . 
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Phc. 3. Ccpepa Phc. 4. BnHTOBaa jiHHHa Phc. 5. Top b R 4 




Phc. 6. Jlpe napBi OKpyjKHOCTeii: h30mct- 

pH^iecKH oGteMjieMO oflHopo/niaa h hqt Phc. 7. Top BpameHHH b R 3 

CcpopMyjinpyeM ecTecTBeHHyio rHnoTe3y o xapaKTepH3anHH HSOMeTpH^iecKH 
o6 r beMjieMO oflHopoflHbix iio^mho jkgctb . JXjir 3Toro HaM noHaflo6aTCH eme ppa 
onpe,n,e.neHHH. 

IIo^,MHO>KecTBO njiocKOCTH (hjih TpexMepHoro npocTpaHCTBa) Ha3biBaeTCH 
saMKHymuM, ecjni pjia jnoGoft tohkh ero flonojineHiiH hmgctch Kpyr (map) 
nojiojKHTCjibHoro pa/niyca c ueHTpoM b stoh tohkc, nepeceneHHe KOToporo c 
HamiiM no^MHOJKecTBOM nycTO. 

IIo^,MHO>KecTBO njiocKOCTH (hjih TpexMepHoro npocTpaHCTBa) Ha3t>iBaeTCH 
cejiamiM, ecjiH Ha njiocKOCTH He cymecTByeT flByx HenepeceKaiomiixcH 3aMKHy- 
tbix MHOJKecTB, nepeceneHHe KajK^oro H3 KOTopbix c HaniHM noflMHOJKecTBOM 
HenycTO. 

THnoTe3a 1. (a) HsoMempuuecKU o6seMAeMO odHopodnoe c&si3Hoe 3aMKHy- 
moe nodMHOMcecmeo nAOCKOcmu MBAJiemcM mouKou, npsiMoil, OKpycncHocrm>K) 
uau eceti nAOCKOcmbto. 

(b) Il30MempuuecKU o6?>6ma6mo odnopodnoe cesi3Hoe saMKHymoe 
nodMHOQtcecmeo mpexMepnozo npocmpancmea siGAfiemcsi mouKou, npsi- 
mou, OKpycHCHOcmbw, Gunmoeou Aunueu, ctpepou, uuAundpoM uau &ceM 
npocmpaHcmeoM. 

y STOii rHnoTe3Bi ecTb aHajior h pjisl R m . 

3Ty rnnoTe3y mtokho jierxo ,noKa3aTb ,zi,jih noflMHOJKecTB, hbjihioihhxch ^Ba- 
mfibi flH(p(pepeHH,HpyeMi>iMH KpHBbiMH (hx onpe^ejieHHe aHajiornnHO npHBeflen- 
HOMy HHJKe nepefl TeopeMoft [3]) c Hcnojn>30BaHHeM noHHraa Kpueu3Hu. 06ihhh 
cjiynaii mojkho nonbiTaTbca flOKa3aTt c Hcnojit30BaHHeM KjiaccHcpHKainiH ,h,bh- 
jkchhh (sTy H^eio coo6ih,hji MHe A. Ohicmkob). Hflea HesjieivreHTapHoro flOKa3a- 
TejiBCTBa npHBefleHa b |§ 5| 
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3. IIo^MHOJKecTBO N njiocKOCTH Ha3biBaeTCH nepenocHO o6seMAeMO odno- 
podnuM, ecjin ,zrjia jho6mx AByx TOieK x,y € N cymecTByeT napajijiejibHbiii ne- 
penoc, nepeBOflainiiH x b y, a N b ce6a. 

(a) IlepeHOCHO o6 r beMjieMO ojxHopojxHoe 3aMKHyToe CBa3noe noflMHOJKe- 
ctbo njiocKOCTH aBjiacrca tohkoh, npHMOH hjih Bceft njiocKOCTbio. (3ia 3a,n,a- 
na hbjihgtch rnaroM k floxasaTejibCTBy BbiinenpHBefleHHOii rHnoTe3bi, nosTO- 
My HHTepecHO npaMoe ,n,OKa3aTejibCTB0, a He bbibo/i, h3 npiiBefleHHoft rnno- 

Te3bl.) 

(b) ** BepHO jih, hto nepeHOCHO o6 r beMjieMO ojTHopojiHoe CBH3Hoe noflMHOJKe- 
ctbo njiocKOCTH aBjiaerca tohkoh, npaMoii hjih Been njiocKOCTbio? (HanpHMep, 
mojket jih KaKaH-Hii6y r nB «flHKaa» no,ii;rpynna njiocKOCTH no cjiojkehhio, koto- 
paa CTpoHTca c noMOinbio aKcnoMbi Bbi6opa, 6biTb cbji3hoh?) 

4. Onpejj,ejiHTe nodo6ucm,uuecKym o6T5tMjieMym odnopodHocmb nojXMHO- 

>KeCTB njIOCKOCTH. 

(a) IlpHBeflHTe npHMep nojjpGHCTniecKn o6 r beMjieMO ojTHopo/nroro nojxMHO- 
»cecTBa njiocKOCTH, He HBjiaioineroca H30MeTpHiecKH oGteMjieMO oflHopojj,- 

HblM. 

(b) ** nonpo6yiiTe oxapaKTepn30BaTb CBH3Hbie 3aMKHyTbie noflo6HCTHHecKH 
o6i>eMjieMO o/nropo/nrbie nojj,MHO?KecTBa njiocKOCTH. 

1.2 AcpCDHHHaH o6l>eMJieMaH OflHOpOflHOCTb 

KaKofl (bopMbi MoaceT 6biTb MeTajuninecKHii Ka6ejib, HTo6bi H3 Hero inorao 
6hjio BbiTamHTb ero « Marxy io » cepflneBHHy? Ka6ejib jj,ecpopMHpoBaTb Hejib- 
3a (oh jKecTKHit), a npoBOfl mojkho flecbopMHpoBaTb njiaBHO, ho Hejib3a jio- 
MaTb. MaTeMaTHnecKaa cpopMynnpoBKa SToro Bonpoca npnBOflHT k hohhthio 
dutptfiepewnupyeMou oGteMjieMoii ojxhopojthocth h3 |§ 4| «06o6meHne na flncb- 
(beoMopibH3Mbi». Mm CHanajia paccMOTpHM 6ojiee npocToe noHaTne atficp'uHHou 
oG^eMjieMofi: ojthopojthocth. Oho xy»ce OTpajKaeT CHTyainno, 3aTO ,a,ocTynHO 
niKOjibHHKy h HHTepecHO c tohkh 3peHHH MaTeMaTHKH. A caMoe rjiaBHoe, na 
npiiMepe ero Hsy^enna b stoh 6ponnope noxasaHa 
Hflea ,i];0Ka3aTejibCTBa xapaKTepraainiH dutficfiepeH- 
v i upyeMo oSteMjieMO oflHopojTHbix no,n;MHOJKecTB. 

Onpe,a,ejieHHe. IIo/rMHOJKecTBO N npocTpaH- 
CTBa K m (b nacTHOCTH, njiocKOCTH IR 2 hjih Tpex- 
MepHoro npocTpaHCTBa R 3 ) Ha3biBaeTca acficfiuHHo 
o6seMJieMO odnopodHUM, ecjin ,zijih jhoGhx flByx 
ToneK x,y € N cymecTByeT acbebnHHoe npeo6pa- 
30BaHHe h: K m — »■ R m , nepeBOjxamee x b y, a N b 
ce6a. 

HanoMHHM, hto acfkfiuHHUM npeo6pa3oeaHueM 
njiocKOCTH Ha3biBaeTca KOMno3Hinia ^BHJKCHHa, 

TOMOTeTHH H paCTH>KeHHa OTHOCHTejIbHO npaMofl, p HC g 06pa3 pemeTKH npH 

cm. phc. [U Hh[S 3/i;ecb pacTaxeHHe OTHOCHTejIbHO a4>4>HHHOM npeo6pa30BaHHn 
npaMoii momo 3aMeHHTb Ha napajuiejibHyio npo- 

eKinno H3 ojxhoh koiihh Hanieii njiocKOCTH, Haxo/ramenca b TpexMepHOM npo- 
CTpancTBe, Ha jrpyryio. no,zrpo6Hee cm. |Pr) . 

AcbcbHHHoe npeo6pa30BaHHe TpexMepHoro npocTpaHCTBa onpe/jejraeTca 6o- 
jiee cjiojkho; mm npnBejj,eM 3^eci> sto onpeflejieHne, xoth pp : 




oho Han lie noHa- 



ja,o6nTca. IlycTb 3a,n,aHbi tohkh O h O' , a TaiQKe jj,Be HeKOMnjiaHapHbie TpoiiKii 
BCKTOpoB a,b,c h a', 6', c\ Tor,n,a atficfiuHHUM npeo6pa3oeanueM TpexMepnoro 
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Piic. 9. Koinica h ee o6pa3 npn acpcpHHHOM npeo6pa30BaHHH 



npocTpaHCTBa, OTBe^aiomiiM 0,a,b,c 11 O' ,a! ,b' ,c' , Ha3tiBaeTCH npeo6pa30Ba- 
Hne, nepeBOflHmee TOHKy O + xa + yb + zc b TOHKy O' + xa' + yb' + zc'. Aiia- 
jiorHHHO onpeflejiaeTCH acpcpiiHHoe npeo6pa30BaHHe npocTpaHCTBa K m ; Taxoe 
onpeflejieHne pjin m — 2 paBHOCHjiBHO BbiinenpHBefleHHOMy. 

5. Cjieflyromiie noflMHCOKecTBa njiocxocTH aepcpHHHO c^teMjieMO o,n;Hopo,n,- 

hh: 

(a) jiK)6oe rooMeTpiiHecKii oGteMjieMO oflHopoflHOC noflMHOJKecTBo; 

(b) saline, 3aflaHHbiii ypaBHemie-M x 2 + 2y 2 = 1; 

(c) napa6ojia y = x ; 

(d) rnnep6ojia y = 1/x. 
IIo^,CKa3Ka: cm. piic. 1101 




Phc. 10. KoiiiKa h ee o6pa3bi npn sjijinnTHHecKOM, napaScuiHiecKOM h rnnep6aniiHe- 
ckom noBopoTax 

KaKiie eme 6biBaiOT acpcpiiHHO o/nropoflHbie noflMHOJKecTBa iuiockoctii? 

6. (a) He jiro6oe KOHe^inoe mhojkcctbo Ha iuiockocth HBjiaeTCH acpepiiHHO 

06 r beMJieM0 OflHOpOflHMM. 

(b)* OnnniHTe KOHe^Hbie acpcbiiHHO o6 r beMjieMO oflHopo^Hbie noflMHOxe- 
CTBa njiocKOCTH. (Otbct — acpcpHHHO npaBHjiBHBie MHoroyrojibHHKH. IIojie3HO 
Hcnojib30BaTb, hto acpcpHHHoe npeo6pa30BaHne coxpaHaeT neHTp Mace h <oji- 
jiimc HHepniiii*.) 
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7. (a) FpacpHK cpyHKiniH y = \x\ He aBjiaeTca acbcpHHHO oGteMjieMO ojiho- 

pOflHblM nOflMHOJKeCTBOM njIOCKOCTH. 

(b) Ecjih cpyHKiniH / : R — > R .znicbcpepeHinipyeMa xoth 6m b ojxhoh tohke 
h rpaepHK / acbcpiiHHO o6 r beMjieMO o/niopoflen, to / jTHcpcbepeHinipyeMa b jho- 
6oil TOHKe. (Ecjih npoH3BOflHaa b TOiKe paBHa njnoc 6ecKOHeHHOCTH hjih paBHa 

MHHyC 6eCKOHeHHOCTH, TO MM CHHTaeM (pyHKH,HK) JIHCpcbepeHHHpyeMOH B 3TOH 

tohkc) 

Ho Be^b ecTb h HenpepbiBHbie cpy hkhhh , He /nicpcpepeHHHpyeMbie hh b ojo,- 

oo 

Hoft TOHKe. HanpHMep, nu/ia BeiLepmmpacca f{x) := ^2 2~ n sin(13 n 7rx), cm. 

71=0 

pnc. 111! TaKHe npHMepbi BCTpenaiOTCH h b 4>h3hkc npn H3yneHHH 6poynoecKozo 
deuofcemin. Hto Torjia? MoaceT jih HenpepbiBHaa cpyHKiniH 6biTb «o,n,HHaKOBO 
He ja,HCD(pepeHii,HpyeMOH» bo Bcex TOHKax, t. e. MoaceT jih ee rpatpHK 6mtb acp- 
cpHHHO o6i>eMjieMO o;xHopo;i,eH? OKa3biBaeTCH, hto HeT. 




Phc. 11. Ilnjia BeiiepinTpacca h 6poyHOBCKoe flBiixcemie 



yTBep>KfleHHe 2. Ecau epacfiuK nenpepuenou <fiyHKV,uu f : R — > R acficfiuH- 
ho o6seMJieMO odnopoden, mo sma tfiynKuiin du(p(pepenv ) upyeMa e ak>6ou mouKe. 
EoAee mozo, ee npou3eodnasi nenpepuena^ 

MnTaTejiB, KOTopoMy ocTaTOK 3Toro nyHKTa h cjie/ryioiHHH noKajKyTCH 
cjihhikom TpyflHbiMii, MOJKeT cpa3y nepeiiTH k oflHOMy H3 flByx cjieflyionnix na- 
parpacooB. 

yTBepjKjxeHHe^HBjiaeTCH nacTHMM cjiynaeM Sojiee o6mero cpaKTa, KOTopbiii 
mm ceftiac ccbopMyjinpyeM. fljisi SToro Hail noHafloGHTCH onpeflejieHHe 3aMKHy- 
tocth (cm. Bbinie nepefl rHnoTe3oft [1} h cjiejiyioiHee onpejrejieHHe. Henpepueno 
ducfitfiepeni^upyeMou Kpueou Ha njiocKOCTH Ha3biBaeTCH o6pa3 HenpepbiBHO flncp- 
cpepeHinipyeMoro OTo6pa»ceHHa 7: R — > R 2 , pjm KOToporo CKopocTb j(t) ^ 
npn jho6om t. 

TeopeMa 3 ([RSS93J). Acficfiunno o67>eMjieMO odnopodnoe 3a,MKnymoe nod- 
MHoatcecmeo nAocnocmu sieAsiemcsi au6o 

• na6opoM usoAupoeannux moueK, au6o 

• o6sedunenueM uaoAupoeannux ( m. e. UMewu^ux nenepeceKamuiuecM 
OKpecrriHocmu) Henpepueno ducjjcjjepen'UALpyeMux Kpueux, au6o 

• eceu nAocKocm&w. 

3aMeiaHHe 4. no^,MHO>KecTBO njiocKOCTH Ha3biBaeTCH AOKaAtno 3aM%ny- 
muM, ecjiH jno6aa ero TOHKa HMeeT Taxyio 3aMKHyTyio OKpecTHOCTt U b 
njiocKOCTH, hto nepeceneHHe U c naiHHM ho/tmhojkcctbom 3aMKHyTO. Ycjio- 

1 Ecjih npoHSBOjxnafl b tow paBHa njnoc 6ecKOHeMHOCTii hjiii paBHa MHHyc Gcckohgmhocth , 

TO MM CMIITaeM CpyHKHHIO JIIKpCpepeHIIHpyeMOH B 3TOH TOMK6. HenpepBIBHOCTb npOHSBOJXHOH 

b TaKofi TOHK6 03HaMaeT, mto npoH3BOflHa5i 6ecKOHe t iHO 6ojiBHia5i npn CTpeMjieHHH apryMeHTa 

K 3TOH TOMK6 . 
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Phc. 12. CTaHflapTHoe KaHTO- 

POBO MHOJKeCTBO 



Phc. 13. 06o6meHHoe KaHTO- 

POBO MHOJKeCTBO 



bh6 3aMKHyTOCTH b TeopeMe [3] mojkho ocjia6HTb pp jiOKajibHoft 3aMKHyTO- 
cth (h6o b tom MecTe /],OKa3aTejibCTBa, iyje Hcnojib3yeTCH 3aMKHyTOCTb, pp- 
CTaTOHHO JiOKajibHoft 3aMKHyT0CTH) . TeopeMa [3] neBepHa 6e3 npe/HiojiojKeHHH 

3aMKHyT0CTH (hJIH JIOKajIBHOit 3aMKHyTOCTH); KOHTpnpilMepOM SBJIHeTCH Q C 



THnoTe3a 5. JIw6oe ceji3Hoe 30MKnyraoe acficfjuHHo o6?ieMJieMo odnopodnoe 
nodMHoafcecmeo ruiocKocmu HeAMemcH au6o mouKou, au6o npjiMoil, au6o sa- 
jiuticom, au6o eemebw 8unep6oAU, au6o napa6oAoil, au6o eceu nAOCKOcmt>K>. 
(OnpedeAenue cesi3Hocmu npueedeno eume neped zunome30u\^) 

KaK mm y»ce otmcthjih, yTBepacfleHiie^BbiTeKaeT H3 TeopeMbi[3] IIpH stom 
TeopeMa[3]flB.nHeTCH cymecTBeHHO 6ojiee chjibhbim pe3yjibTaT0M, neM yTBepjKfle- 
HHe [21 IIohchhm 3to npHMepaMH. 

Koiyja TeopeMa [3] eme He 6t>ijia ,n,OKa3aHa, no/TMHO^KCCTBaMH njiocKOCTH, no- 
flospHTejiijHbiMH Ha aepcpHHHyio o6 r beMjieMyio o/nropoflHOCTb, 6bijiH HeKOTopbie 
«cppaKTajibi». 3to no,a,03peHHe ocHOBbiBajiocb Ha tom, hto b ,apyroM, 6ojiee cjia- 
6om, CMbicjie, ohh Bce-TaKH oflHopoflHbi (cm. cjieflyiomHH nyHKT). OnpeflejiHM 

3TH «(ppaKTajIbI» — CTaH^apTHOe KaHTOpOBO MHOJKeCTBO H o6o6lHCHHOe KaHTO- 
POBO MHOJKeCTBO. 

CmaHdaprriHoe Kanmopoeo MHoafcecmeo onpeflejiaeTca TaK: 



(pnc. I12[) . Hhhmi cjiOBaMH, CTaH,n;apTHOC KaHTOpOBO MHOJKecTBO nojiynaeTCH 
KaK upepeji cjieflyiomeii npone/iypbi: H3 OTpe3Ka [0, 1] yzjajraeTCH cpe^HHH TpeTb, 
3aTeM yn,ajiHeTCH cpe/nraH TpeTb H3 KajK^oro H3 flByx nojiyHeHHbix OTpe3KOB, 
3aTeM cpeflHHH TpeTb H3 Kaac^oro H3 nojiynenHbix neTbipex OTpe3KOB, h TaK 
,n,ajiee. 

3to onpeflejieHne mojkho o6o6mHTb flByMH SKBHBajieHTHbiMH cnoco6aMH 
(Bbi6epHTe H3 hhx HanGojie noHaTHbift pjia Bac) . Mojkho onpe/jejniTb o6o6m t eH- 
noe Kanmopoeo MHoofcecmeo Ha njiocKOCTH KaK o6pa3 CTaH,n;apTHoro KaHTO- 
poBa MHOJKecTBa npn HenpepbiBHOM hhtjCkthbhom OTo6pa:aceHHH. A momo — 
nocTpoiiB «HepapxHHecKyio CTpyKTypy» cne/iyioiHHM o6pa30M. 



CR. 




k=l 



S 



Piic. 14. KaHTopoBa nbiJiB 



06o6iu > eHHUM KanmopoeuM MHooKecmeoM Ha iuiockocth Ha3tiBaeTCH nepe- 
ceHeHHe o6 r beflHHCHHH 

oo 

n U Cai...a„j 
n=0 ai...a n £ZJ 

r^e {C ai ...a n }, n = 0, 1, 2, . . . , ai . . . a n £ ZJ, — na6op 3aMKHyTbix HenycTbix 

IIOflMHCOKeCTB njIOCKOCTH, flJIS KOTOpblX 

,.a n o U C' ai ... an i npii jiio6bix n, ai . . . a„, 

• fljiH jiio6oro 7i MHOJKCCTBa Coti . . .a n nOIiapHO H6 II6pGCGKcLIOTC5I II 

• lim max diamC7 ai .„ a = 0, iyje diam o6o3HaHaeT /piaivieTp MHO^cecTBa 

n— >oo ot\ . ..a n 

(pHc.nu). 

IIpHMepOM o6o6iu,eHHoro KaHTopoBa MHOJKecTBa Ha njiocKOCTH aBjiaeTca 
Kanmopoea nuAh fpHC. [14]) . 

H3 TeopeMBi 13] HCMefljieHHO BbiTexaeT 

Cjie,u,CTBHe 6. HmaKoe o6o6ui > eHHoe Kanmopoeo MHODtcecmeo na ujiockoc- 
mu ne MBJUiemcM acfic/juHHO o6?ieMAeMO odnopodHUM. 

B cjicflyiomeM nyHKTe o6 r bHCHaeTCH, noneMy sto cjie^CTBHe BfcirjiH#HT npo- 
cto nyflOM (cm. 3aaaHH [roT c. d)). 

1.3 ,II,pyrHe bh,h,bi o/i,HopoflHOCTH 

Onpe,a,ejieHHe. no/nvtHCo-KecTBO N npocTpaH- 
CTBa R m (b nacTHOCTH, npHMOii R hjih njiocKO- 
cth R 2 ) Ha3biBaeTCH odnopodnuM, ecjin fljra jiio- 
6mx flByx ToneK x,y £ N cymecTByeT HenpeptiB- 
Haa 6neKH,Ha (t. e. B3anMHO 0flH03HanHoe OTo6pa- 
jKeHHe Ha) h : N —¥ N, nepeBOjxHmaa x b y, cm. 
pnc. [TS] 

3to onpeflejieHHe hmcct cymecTBeHHbix 

otjihhhh ot npe^i^yiinix. Bo-nepBbix, OTo6pa>Ke- 

Hne h 3a/i,aHO tojibko Ha N, a He Ha c^teMjiioiHeM 

npocTpaHCTBe R m (b otjihhhc ot onpeflejieHHii 

o6seMAeMou o^HopoflHOCTH) . Bo-BToptix, OTo6pa- 

, Phc. 15. Oopaa peineTKH npn 

aceHne h npejjnojiaraeTCH Bcero jiHHib HenpepbiB- 

, . . \ T-r rOMCOMOpCpH3MC 

HbIM (a He H30MeTpHeH, He aCpCpHHHbIM H T. fl. ). llo- 

STOMy acHO, hto jno6oe rooMeTpiiHecKH hjih acp- 

(pHHHO o6 r beMJieMO OflHOpOflHOC nO/TMHOJKeCTBO SBJIHeTCa OflHOpOflHblM. 
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Phc. 16. KoBep CepnHHCKoro Phc. 17. TpeyrojibHHK CepnHHCKoro 

8. CjiejxyioinHe mhojkgctbr oflHopo/nibi: 

(a) KOHenHoe mhojkbctbo tohck; 

(b) TOp BpaiH,CHHH b R 3 ; 

(c) MHO»cecTBO pan,HOHajiBHBix Tonex Ha OTpe3Ke (0, 1); 

(d) CTaHflapTHoe KaHTopoBO MHO^ecTBcQ; 

(e) o6o6m,CHHOC KaHTopoBO mhojkcctbo; 

(f) Koeep CepnuncKozo (oh ctpohtch aHajiornnHO KaHTOpoBy MHOJKecTBy, 
TOjibKO BMecTO BBipe3aHHa cpe^Heii TpeTH H3 OTpe3KOB npoHCxo,a,HT Bbipe3aHHe 
«cepflD;eBHHbi» H3 KBajxpaTOB, cm. phc. 1161); 

(g) op6HTa HenpeptiBHoro flencTBHqj TonojiorHnecKoii rpynnbi Ha R m . 

9. CjiejxyioinHe MHOJKecTBa He ojxHopojxHbi: 

(a) OTpe30K (yKa3aHne: paccMOTpHTe ero KpaiiHioio TOHKy); 

(b) o6 r be,n,HHeHHe nepeceKaioinnxcH npaMbix (yKasanne: paccMOTpHTe TOHKy 
hx nepece^eHHa:) ; 

(c) mpeygOAtHUK CepnuncKozo (pnc. 1171 yxasaHHe: paccMOTpHTe BepniHHbi 
h cepe/niHbi ctopoh 6ojibnioro TpeyrojibHHKa) . 

Cjie/ryroinee noHHTne cpopMajin3yeT cbohctbo jKecTKoro KaGejra, Heo6xo,zni- 
Moe jijih Toro, H;To6bi H3 Hero mojkho 6bijio BbiTanniTb ero Maricyio cep/meBiray, 
KOTopyio mojkho H3rn6aTb h jiOMaTb, ho Hejib3H pa3pbiBaTb. 

Onpe^ejieHHe. Ilo^MHOJKecTBO N npocTpaHCTBa R m (b nacTHOCTH, npa- 
MOfl R hjih njiocKOCTH R 2 ) Ha3biBaeTCH nenpepueno o6T>eMJieMO odnopodHUM, 
ecjiH ,h;jih jno6bix flByx Tonex x,y £ N cymecTByeT HenpepbiBHaa 6neKHHH 
h: R m — > W n , nepeBO/ynnaH x b y, a N b ce6a. 

10. (a) 3aMKHyToe orpaHHneHHoe HenpepbiBHO 061.61^61^0 o,zniopo,znioe 

nOflMHOJKeCTBO npSMOH COCTOHT H3 OflHOH HJIH flByX TOHCK. 

(b) KaHTopoBO MHO»cecTBO Ha npHMOH, a Taicsce KOBep CepnHHCKoro Ha 

njIOCKOCTH H6 HBJIHIOTCH HenpepbiBHO o6 r beMJieMO OflHOpO^HblMH. 

(c) OflHopoflHbie MHOJKecTBa H3 3a/i,aH 8(b, c, e, g) HenpepbiBHO o6 r beMjieMO 
o,n,HopoflHbi (b cooTBeTCTByiOHi,Hx eBKjiHflOBbix npocTpaHCTBax). 

(d) Onpejj,ejiHTe Aunuiui^eey o6T>eMJieMyw odHopodnocmt, (noTpe6oBaB ot h 

JIHnHIHH,eBOCTH) . ^OKajKHTe, HTO o6o6lHeHHOe KaHTOpOBO MHOJKeCTBO Ha njIOC- 
KOCTH HBjiHeTca jinnniHH,eBO 06'beMjieMO ojXHOpojXHbiM. 



^^HeKOToptie MHOjKecTBa H3 3toh 3aflaiH onpe^ejieHbi b npe^BiflymeM nyHKTe. 

2 A HeKOToptie HeT. .. HanoMHiiM, mto yTBep^K^eHtm, co^ep^Kamne He3HaKOMBie BaM Tep- 

MHHBI, MOJKHO HrHOpiipOBaTB. 
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§ 2 IIpHHLI,Hn BJICttKeHHMX OTpe3KOB, HJIH 

npHMeHH TeopeMy Bapa o KareropHH 

3tot h,hkji 3a/i,aH nocBHineH TeopeMe Bspa o KaTeropnii — MomHOMy cpe/i,- 
CTBy ^,OKa3aTejibCTBa TeopeM cymecTBOBaHHH (no/],po6Hee cm. [KF| IOx71j V B 
aHajiH3e c noMombio Hee /i,OKa3biBaeTCfl, HanpHMep, TeopeMa BaHaxa 06 06- 
paTHOM onepaTope, KOTopaa npiiMCHaeTCfl fljia /i,OKa3aTejibCTBa cymecTBOBaHHH 
peniCHHii hcjihhchhbix ypaBHGHiift . B Tonojiorini TeopeMa Bspa npiiMeHfleTCH, 
HanpHMep, k BjioaceHUHM komhrktob h k annpoKCHManini OTo6pa»ceHHH roMeo- 
Mopcpn3MaMH. B 3toh 6poiniope mm irpHMeHHM TeopeMy Bspa k flOKa3aTejii>CTBy 
yTBepjKfleHHa [5] H3 nvHKTa ll.2l H ero o6o6ineHHH. 

K sa^anaM npiiBOflHTCH yKa3aHiia b Konu,e 8Toro nyHKTa. IIoiibiTaiiTecb CHa- 
najia peniHTb 3aflaHH, He HiiTaa yKasaHiift! 

11. (a) BiycTb o6i.e^,HHeHHe otkpbitbix HHTepBajiOB U C R HeorpaHimeHO. 
^OKajKHTe, hto cymecTByeT Taxoe x, hto nx G U pjlk 6cckoh6hho 6ojibnioro 
KOjiHnecTBa nejibix n. 

(b) ^aira GecKOHe^iHO fliicptpepeHniipyeMafl cbyHKinifl / : R — > R, npiineM fljia 
jiio6oro x cym,ecTByeT Taxoe nejioe N x . hto = pjisl jno6oro n > N x . 

JJftK&ynwie, hto / — MHoroHjieH. 

HanoMHHM, hto no^MHOJKecTBO U C R Ha3biBaeTCH 

• omKpum'biM, ecjiH pjisi jiro6oro x G U cymecTByeT Taxoe e > 0, hto 
(i-£,i + e)cC/; 

• ecmdy nAommiM, ecjiii pjm jirc>6bix a, b G R nepeceneHHe (a, b) nil Heny- 
cto. 

12. TeopeMa Bapa o Kamezopuu. ,Z],OKa}KHTe, hto nepeceneHHe cneTHoro hhc- 
jia OTKpbiTbix BCK>/ry njiOTHbix no^MHOJKecTB npsMoii HBjiaeTCH BCK>/ry iuiothmm 
(h, b nacTHOCTH, HenycTbiM). 

13. /],OKa>KHTe, hto ecjiH cbyHKinia flByx nepeMeHHbix HenpepbiBHa no Ka»c- 
floit nepeMeHHOii, to OHa HMeeT TOHKy HenpcpbiBHOCTH. 

14. ^OKa^KiiTe cjie/ryromee pjlk (pyHKinrfi R — > R. 

(a) noTOHenHbiii npefleji nocjieflOBaTejibHOCTH / n HenpepbiBHbix cbyHKinifi 
(t. e. (pyHKiriifl: /(x) := lim f n (x)) o6a3aTejibHO HMeeT TOHKy HenpepbiBHOCTH. 

n— »oo 

(b) IlpoH3BO/],Haa jihd6oh flHcptpcpeHHHpyeMoii cpyHKiniii HMeeT TOHKy Henpe- 

pblBHOCTH. 

15. Jlnsi 6ecKOHenHO /^iipcpepeHin-ipyeMoii cbyHKiniii /: R — > R, jno6oro x h 
(a) 6ecKOHeHHOit nocjieflOBaTejibHOCTii Hiiceji n (saBiicflmeii ot x); (b) hckoto- 
poro n = n x BbinojiHeHO f^ n '{x) = 0. flpK&yKUTe, hto / — MHoronjieH. 

16. (a) ^OKajKHTe, hto npaMaa He npe,a,CTaBHMa b Bii,a,e o6T>e,zniHeHHfl: no- 
napHO HenepeceKaiomHxcH 3aMKHyTbix OTpe3KOB, Ka}K,zi,biH 113 kotopmx OTjnneH 

OT TOHKH. 

(b) ,II^OKa>KHTe, hto njiocKOCTb He npe^CTaBHMa b BH^e o6 r be [ n;HHeHHa 3a- 
MKHyTbix KpyroB c nonapHO HenepeceKaioiHHMHCH HenycTbiMH BHyTpcHHOCTHMH. 

17. (a) ,3,aHO 3aMKHyToe orpaHH^eHHoe no^MHOJKecTBO 4cl 2 . IfeBecTHO, 
hto fljiH jno6bix flByx ToneK x, y G A cymecTByeT pa36neHHe A — X U Y Ha 3a- 
MKHyTbie MHOJKecTBa, pjia KOToporo iglnjeF (TaKHe MHOJKecTBa Ha3biBa- 
lOTca HyjibMepnuMu) . ,U,OKa}KHTe, hto cymecTByeT HenpepbiBHoe HHT>eKTHBHoe 
OTo6pa»ceHHe (t. e. ejiooKenue hjih peajiH3an,HJi) a: A — > R. 

(b)* JI&ho 3aMKHyToe orpaHH^ieHHoe noflMHOJKecTBO A c R 100 . HsBecTHO, 
mo fljia jiK>6bix AByx ToneK x, y G A cymecTByeT pa3jio?KeHHe A = X U Y b 
o6 r be [ nHHeHiie 3aMKHyTbix mhoskcctb, nepeceneHHe kotopmx HyjibMepHO, npn- 
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neM x £ X h y G Y (TaKne MHO»cecTBa Ha3biBaK>TCH odnoMepnUMu). Jlp- 
KajKHTe, ito cymecTByeT HenpepbiBHoe HHteKTiiBHoe OTo6pa»;eHHe a : A — > 
— > K 3 . 

(c)* TeopeMa Menzepa—He6ejiuHza—lloHmpsizuHa. JXawie onpejrejieHiie 
71-MepHoro (3aMKHyToro orpaHHHeHHoro) MHOJKecTBa b M. n h jipxajKHTe, hto 
jiio6oe Ti-Mepnoe MHOJKecTBO bjiojkhmo b R 2n+1 . 

YKa3aHHH 

llll fa). CHanajia jroica^KHTe , hto cyw,ecmeyem maKoe x\ G (0, 1), umo 
nixi G U 3asi HEKomopozo ri\ > 1. 

Tor,n;a cymecmeyem maKoe e\ > 0, umo n\{x\ — E\,X\ + S\) C U. 

IIotom ^OKajKHTe, hto cyu^ecmeyem matcoe X2 G {x\ — £\.x\ + E\), umo 
77.2X2 G U djisi neKomopozo n 2 > 2. 

H T.fl. 

Taraie peineHHH, ocHOBaHHbie Ha npiminine BjiojKeHHbix OTpe3KOB, y^o6HO 
npimyMbiBaTb h 3annci>iBaTi> Ha sBbiKe TeopeMbi Bspa o KaTeropiiH. BbinienpH- 

Be^,eHHoe penieHHe kopotko 3anHCbiBaeTCH Tax: no TeopeMe Bspa o KaTeropnH 

00 00 

n u L k u^0. 

n= l k=n 

llll fb). CHa^ajia jroicajKHTe cjiejjyioiHHH cpaKT. nycmt [/„cl - nenycmue 

00 

omKpumue MHootcecmea, U\ D U% D . . . u f] Uk = 0- Tozda cywficmeywm ma- 

n=l 

Kue n u unmepeaA (a, b) C imo 

• (o, 6) MaKcuMajieti, m. e. U n He codepotcum hukokozo 6ojit>meso unmepeaAa 
(c, d) D (a, b), u 

• odun U3 unmepeajioe (a, a + e) u (b — e,b) ne nepeceKaem MHoatcecmeo 
C/„+i djisi neKomopoeo e > 0. 

y%a3aHue k doKa3amem>cmey dianma. npejxnojiojKHM npoTHBHoe. Tor,n,a iijia 
jno6oro n, jno6oro MaKCHMajibHoro HHTepBajia (a, &) C U n h jno6oro e > 06a 
HHTepBajia (a, a + e) h (b — e,b) nepeceicaiOTCH c J7 n +i- Tenepb jroicajKHTe, hto 
jijih jiro6oro MaKCHMajibHoro HHTepBajia (a,b) C U n jih6o £/ n +i, jih6o £/„-)- 2 co- 

^,epjKHT HHTepBaji, 3aMbiKaHHe KOToporo jiokht b (a, 6). BbiBejjiiTe OTcro^a, hto 

00 

P| Uk i= 0- npoTHBopenne. 

n=l 

Okohhclhuc pemenuH sadauu lllf b). IlycTb / He MHOronjieH. IIojiojkhm 

00 

U n :=R- H (/ w ) _1 (0). n P HMe H HM npHBejj;eHHi>iH <paKT. nojiyHHM Taxne n 

h MaKCHMajibHbiH HHTepBaji (a, 6) C U n , hto jj,jih HexoToporo e > (He yMeHb- 
niaa o6h],hocth) (a, a + e) f] U n+1 = 0. Tor^a f {n) (a) = h / (n+1) (a, a + e) = 0. 
IIosTOMy /'™^[a, a + e) = 0. IIpoTHBopeHHe. 

1121 3to npocToe cjie/i,CTBHe npHHH,Hna BjiojKeHHbix OTpe3KOB. 

1131 MHOJKecTBO ToneK HenpepbiBHOCTH tpyHKiniH / — sto 

D {J{ x: \fyi- fy2\<-npiix--< yi <y 2 <x + -y 

n=lk=l 

1141 (a) OnKCHpyeM e > 0. Hojio>khm U„ := [J {x: — fjx\ > e}. Tor^a 

oo 

U„ OTKpbiTO, U n D U n +\ h H U„ = 0. 3HaHHT, no TeopeMe Bspa jj;jih jno6oro 
OTpe3Ka [a, b] cymecTByiOT hhcjio n h HHTepBaji (c, d) C [a, 6], He nepeceKaio- 
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IHHHCH C U n . 3HaHHT. \fj_X — fjx\ £ flJlSL JIK>6bIX x G (c, d) K!,j) n. Il03TOMy 

1/^ — fn%\ ^ £ A- 1 ™ jno6oro x G (c, rf). 

(b) Hcnojn>3yHTe (a) h /'(a;) = lim n{j(^x+ — f(x)j. 

§ 3 ,U,OKa3aTejit.CTBO TeopeMbi [3] h yTBep^K^eHiia [2] 

3,n,ecij mbi flOKajKeM yTBcpjKflCHne [2] ,HoKa3aTejii.cTBO TeopeMbi [3] aHajiorHH- 
ho. IIpii ,i];0Ka3aTejii>CTBe mojkho bmccto onpeflejieHHH acbepHHHoro npeo6pa30- 
BaHiia HcnojiB30BaTb tojibko cjie/ryroiinie ero CBOiicTBa. 

/Jam jik>6ozo acp'cp'uHHOzo npeo6pa3oeanuH h: M 2 — > M 2 o6pa3 Am6ozo omKpu- 
moeo mpeyzoAtHUKa c eepuiuHou e mo6ou moHKe x codepotcum neKomopuu om- 
Kpumuu mpeyeoAbHu^ c eepmunou e montce h(x). 

Ecau nepeceuefiue aifiifiuHHO o6t>cmacmo odHopodnozo nodMHOjfcecmea uaoc- 
Kocmu c HCKomopuM KpyzoM KQASiemcsi Henpcpuenou Kpueoti, UMewmfiu mouKy 
ducfitfiepermupyeMocmu, mo smo nodMHoatcecmeo sieAfiemcsi o6t,cduHCHUCM U30- 
AupoeanHux du(fj(p'epeH'u ) upyeMux Kpueux. 

/JoKasameAticmeo ymeepcHcdenuM [H 06o3HaHHM nepe3 N rpacbiiK ,n,aHHOH 
(pyHKiiHH /. Bo3bMeM TO^Ky a 6 R 2 — N. PaccTOHHHe ot a pp N hc paBHO Hyjiio. 
3HanHT, cym,ecTByeT tohkb, y G N, pjisi KOTopoii \a — y\ paBHO 9TOMy paccTOH- 
hhio. Torfla otkpbitmh Kpyr D c hchtpom b y pa/niyca \a — y\ He nepeceKaeT 
N. 

06o3HanHM nepe3 R v noBopoT njiocKOCTH Ha yroji ip BOKpyr Hanajia koop,h;h- 
HaT. 06o3HaHHM nepe3 Bi paBHo6e,a,peHHbiH TpeyrojibHHK (flByMepHbiii OTKpbi- 
tmh) c BepniHHOH b Hanajie KOop/niHaT, yrjiOM lixjl npH BepniHHe h bmcotoh 
fljiHHbi 1/2, napajijiejibHoit och Oy. 

Ilpn jiioGom x G N cymecTByeT acbcpHHHoe npeo6pa30BaHHe h : R 2 — > R 2 , 
nepeB0flHin;ee y b x, a N b ce6a. TaK KaK h acbcpHHHO, to h(D) D x + R v Bi fljia 
HeKOTOpblX I h tp. IIosTOMy 

(*) npn jiio6om x G N cym,ecTByiOT Taxne I h ip, ^ito (x + WB{) n N = 0. 

Bo3bMeM npoH3BOjn>Hyio nocjieflOBaTejibHOCTb {<pz}, BCKyry njiOTHyio Ha 
[0, 2tt]. 06o3HanHM 

Ni :={x£N: (x + R Vl B{) n N = 0}. 

oo 

BBH^y ycjiOBHa (*) HMeeM N = [J iVj. 

i=i 

HanoMHHM cjieflyiomHe onpeflejieHHe h TeopeMy. IIoflMHOJKecTBO Pel Ha- 
3biBaeTca 

• omKpum'biM, ecjiH pjisi jiro6oro x G U cymecTByeT Taxoe e > 0, hto 
(x ~ e, x + e) c U; 

• ecmdy ruiomHUM, ecjni ^jih jho6mx o,i£t nepeceneHne (a, b) H U Heny- 

CTO. 

TeopeMa Bapa o KaTeropHH. nepeceuenue cuemnozo uucao, omKpumux 
ecmdy nAommix nodMHOwcecme npsiMou ReAnemcsi ecmdy nAomnuM (u, e 
Hacrrmocmu, nenycmuM,) . 

1 3AGCb «COflep}KHT HeKOTOpblH OTKpblTblH TpeyrOJIbHHK» MOJKHO 6bIJIO 6bl 3a,M6HHTb Ha 
«5IBJ15ieTC5I OTKpblTbIM TpGy rO JIbHHKOM » . OflHaKO ,a,JIH ^ajlbHefiniHX o6o6iu,eHHH HaM y,a,o6HO 
C<pOpMyjlHpOBaTI> 3TO CBOHCTBO HM6HHO B npHB6fl6HHOM BHfle. 
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y-R*"Bi 



Phc. 18. 



HeTpyznro npoBepHTt, hto Ni 3aMKHymo e N (/jOKajKHTe hjih HaftflHTe ,n,e- 
TajiH b [RSS96, jieMMa 3.1]). 3HaHHT, no TeopeMe Bspa o KaTeroproi HeKOTopoe 
Ni coflepjKHT HenycToe OTKpbiToe b N mhokbctbo. 

II03TOMy Cym,eCTByiOT TOHKa IGJVH 3aMKHyTbIH KBa^paT I 2 CO CTOpOHOH 

MeHbine l/l c neirrpoM b x, rjik KOTOpwx N' :— N PI I 2 C N (cm. pnc. 1181) . 
Tor,n;a 



(**) [{y + R Vl Bi) U (y - R Vl B t )] n AT' = npii jik>6om y e N' . 



fleiicTBHTejibHO, ecjin z e (y - R VI B{) n AT', to y G (z + R lpi Bi) C\ N' C N, hto 

HCB03MOJKHO. 

Mojkho cniiTaTb, hto yroji MejK/ry HeKOTopofi CTopoHofl i KBa^paTa J 2 h 
ocbio Oa; paBeH </?;. Mojkho TaKJKe CHHTaTt, hto AT' cbh3ho h roMeoMopcpHO 
OTpe3Ky (HHane mojkho 3aMeHHTt AT' Ha Majiyro OKpecTHOCTt toikm a £ JV', 
KOTopaa roMeoMopcpHa OTpe3Ky, nocKOjibKy AT — rpacpinc cpyHKHHH) . Toiyja op- 
ToroHajiBHaa npoeiaxHH MHOJKecTBa N' Ha L co/i,epjKHT hckotopbih OTpe30K 
HeHyjieBoii pflvmhi. Mojkho CHHTaTt, hto stot OTpe30K coBna,n,aeT c L [vssshb 

yMeHBHIHM L). 

HanoMHHM, hto OTo6pa>KeHHe q: L— > [0, 1] Ha3biBaeTCH jiunmuvfieuM, ecjin 
cymecTByeT Taxoe s, ^to \q[x) — < s\x — y\ pjisi jiioSbix flByx pasjiniHbix 
ToneK x,y 6 L. H3 (**) cne/ryeT, hto AT' ecTt rpacpHK HeKOTopoii jmimrHne- 
boh cpyHKL^HH g : L — > [0, 1] (npn ecTecTBeHHOM irpeflCTaBjieHHH I 2 = L x [0, 1]). 
OyHKHHH q HMeeT TOHKy /nicpipepeHHiipyeMOCTio 3HaHHT, h flaHHaa cpyHKHHH 
/ HMeeT TOHKy /iricpcpepeHHHpyeMOCTH. Toiyja H3 acpcpHHHOH o6T.eMjieMOH o^- 
HopoflHOCTH BbiTexaeT, hto / ,n,H(p<pepeHHHpyeMa b jho6oh totkc 

^OKajKeM Tenepb nacTb «6ojiee toto» yTBepjKfleHHH [5] IIpoH3BOflHaH /' 
HMeeT TOHKy HenpeptiBHOCTH (cm. npeflbiflyiiniH naparpacp) . Tor^a H3 acpcpHH- 
hoh o6T>eMjieMOH o/nropoflHOCTH BbiTexaeT, hto / HenpepbiBHO ^icpcpepeHHiipy- 
eMa. □ 



1 3to cjie/ryeT H3 Toro, mto jno6aH jinniriimeBa cpyHKUHH pacKjia^BiBaeTCH b pa3HOCTB mo- 
hotohhbix h hto jiio6a5i MOHOTOHHaH cpyHKi^HH HMeeT TOMKy flucpcpepeHDjupyeMOCTH . IlepBoe 
Hecjio^KHO, a BTopoe flOKa3biBaeTCH c HcnojiB30BaHHeM coo6pa>KeHHH Mepti. ^leTajiH HeTpuBH- 
ajiBHBi h npHBefleHBi, HanpHMep, b |KFI . 
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§ 4 06o6m,eHHe Ha flHcJ}cJ)eoMop4)H3Mi>i 

HanOMHHM, HTO B |§ 1| Mbl paCCMaTpHBajIH JKeCTKHH Ka6ejlb, H3 KOToporo 

mojkho Bi.iTain,HTb ero Marxyio cepjxueBHHy, KOTopyio mojkho H3rn6aTb, ho Hejib- 
3a jiOMaTb. Mbi o6em,ajiH BBecTH noHHTHe, KOTopoe 6ojiee a,zi,eKBaTHO cpopMajiii- 
3yeT Heo6xo,u;HMoe cbohctbo Taxoro Ka6ejiH. 

Onpe,n,ejieHHe ([DRS89J). IIojxMHOJKecTBO N npocTpaHCTBa R m (b nacT- 
hocth, njiocKOCTH R 2 hjih TpexMepHoro npocTpaHCTBa R 3 ) Ha3biBaeTCH du<f>- 
tfoepeHi^upyeMo o6seMAeMO odnopodHUM, ecjin pjisi jnoGbix flByx ToneK x,y G N 
cymecTByeT jjH<p<peoMopcpH3M npocTpaHCTBa R m , nepeBOjxiiinHH x b y, a N b 
ce6a. 

/I,H(p(peOMOp(pH3M — 3TO JIOKajIBHO-aCplpHHHOe 

npeo6pa30BaHHe. OopMajibHO, B3anMHO ojxho- 
3HanHoe cooTBercTBHe F: R m — > R m Ha3bmaeTca 
ducfitfieoMopcfiusMOM, ecjiH pjin jik>6oh toikh 
zq 6 R m cymecTByeT Taxoe acpcpHHHoe npeo6- 
pa30Ba HH e A: R m -)• R m , hto A(z ) = F(z ) h 
OTo6pa»ceHHe a(z) := jHfli^dlg) 6ecKone x iHO Majioe 
npii z — > Zq, cm. piic. 1191 

IIpUMepaMU JXHCpCpeOMOp(pH3MOB njIOCKOCTH HB- 

jihiotch 6ojibniHHCTBO rGOMGTpiiHecKiix npeo6pa30- 
BaHHii: napajijiejibHbiii nepenoc, noBopoT, oceBaa 

CHMMCTpHH. TOMOTeTHH, paCTHJKCHHe OT npHMOH. , _. 

Fhc. 19. Oopa3 peineTKH 
(HHBepcHa h neHTpajibHaa npocKiniH sbjihiotcs . . . 

, . , t- — i n p H ^HqxpeoMopqjHSMe 

flH(p(peOMOp(pH3MaMH njIOCKOCTH 6e3 TOHKH H njIOC- 
KOCTH 6e3 npHMOit, cootbctctbchho.) IIosTOMy acpcpHHHO o6i>eMJieMO o#Hopo,n,- 
Hoe noflMHOJKecTBO HBjiaeTCH jxHcpcpepeHniipyeMO o6i>eMjieMO ojTHopojjHbiM. 

^H(pCpeOMOp(pH3MOM njIOCKOCTH He HQASiemCfl, HanpHMep, 0T06pajKCHH6, 3a- 

flaHHoe (popMyjioft (a;, y) i-> (x 3 , y). (B caMOMjrejie, «jiHHefmafl nacTb» npii x = 
He HBjiaeTCH aepcpHHHbiM npeo6pa30BaHHeM, h6o He HBjiaeTca o6paTHMbiM oto6- 
pajKeHHeM.) 

18. IIojxMHOJKecTBa njiocKOCTH H3 TeopeMbi|3]HBjiaiOTca flHcpcpepeHinipyeMO 

o6T>eMJieMO OJXHOpOflHblMH. 

EcTecTBeHHO B03HHKaeT cjiejxyioiHHH Bonpoc: KaKne eme 6biBaiOT jxnepcpe- 
penniipyeMO o6T>eMjieMO o/nropojjHbie (^onycTHM, 3aMKHyTbie) nojxMHO)KecTBa 

njIOCKOCTH? 

Teopeivra 7 ([RSS96 ). flutfitfiepenuupyeMO o6r>eMAeMO odnopodnoe 3aMKHy- 
moe nodMHooKecmeo nAOCKOcmu siejiaemcsi jiu6o 

• Ha6opoM uaoAupoeaHHUx moueK, au6o 

• o6seduHeHueM uaoAupoeanHux nenpepueno ducf)(p'epeH'u ) upyeMux Kpueux, 
au6o 

• eceu nAOCKOcmt>w. 

/],OKa3aTejibCTBO aHajiornnHO flOKa3aTejibCTBy TeopeMbi [21 nocKOjibKy cboh- 
CTBa, copopMyjiHpoBaHHbie b HaHajie[§3J cnpaBe/i,jiHBbi fljia /i,H(p(peoMop(pH3MOB. 

IIo TeopeMe[7]aHajiorH yTBepjK,n;cHHa[2]H cjieflCTBHa |B] cnpaBefljiHBbi c 3aMe- 
hoh arfjcfiuHHOu o6T.eMjieMOH OflHopoflHOCTH Ha ducpcfjepewnupyeMym. 

Cjie^cTBHe o /],H(pcpeoMop<pH3Max npHMoii 

B3aiiMHO oflHOSHanHoe cootbctctbhc F : M — > R Ha3biBaeTca ducfjcp'eoMopcfjus- 
mom, ecjin h oho, h ero o6paTHoe hmciot KOHCHHyio neHyjieByio npoH3BO,n;Hyio b 
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KajKfloft tohkc IIpHMepaMH flii(p(peoMop(pH3MOB npsMoii hbjihiotch jiHHeirabic 
npeo6pa30BaHHH: napajijiejibHbiH nepenoc, pacTHJKeHiie. ,H,H(pcpeoMopcpH3MOM 
npHMOit ne nejiHemcn, HanpiiMep, OTo6pa>KeHHe, 3aflaHHoe cpopMynoii x i— > a; 3 . 

Cjie,a,CTBHe 8. Ecau UMeemcsi cejueucmeo dug5g5eoMopgju3Moe ht'. R — > R, 
< £ R, Henpepueno 3aeucsiuj,ux om napaMempa t, npuueM h s o h t — h s+t n 
h- t = (ht) n P u JiK>6ux s,t € R, mo /i t duqjqiepeHuupyeMo 3aeucum om na- 
paMempa t, m. e. h t (x) dug}gjepenu ) upyeMO no t 3am ak>6ozo gjuKcupoeannozo 
i£i 

06o6in,eHHe 11 flOKa3aTejit>CTBO cm. b cjieflCTBiiii I12[ npnBefleHHOM b cjie/ry- 
K>meM nyHKTe. 

SaKOHHHM 3tot nyHKT HayHHOH nepecpopMyjinpoBKOH h HCTopneit cjiefl- 
ctbhh[51 He o6a3aTejibHbiMH fljia noHHMaHHH flajibHeiiinero. 

CeMeiicTBO ;n«p<peoMOp(pH3MOB h t : R — ?> R, t S R, KOTopbix h s o h t — 
— h s+t H ft,_t = (/it) npH jno6bix s,t 6 R, Ha3bmaeTCH deucmeueM rpynnbi 
R Ha npsMoii (t. e. Ha ce6e) flH(p(peoMopcpH3MaMH. Taxoe fleiicTBHe aBjiaeT- 

CH MaTeMaTHHeCKHM SKBHBajieHTOM (pH3HHeCKOrO nOHSTHH «,n;BycTopoHHe fle- 

TepMHHHpoBaHHbiH nponecc»; o6cyjKflenHe SToro moxho HaiiTH b |Ar84j 4.2]. 
HayHHaa cpopMyjinpoBKa cne,n,CTBHH [5] nenpepbiBHoe ^eitcTBHe rpynnti R na 
npHMOft ^H(p(peoMop(pH3MaMH HBjiaeTCH rjia,n,KHM |Ar841 4.3]. 

Okojio 1986 r. H. B. HmeHKO nocjie jieKHiin B. H. ApHOjib^a cnpocnji y jieK- 
Topa, KaK ,noKa3BiBaTb 3to yTBepjK^eHHe. Bio cjiOBaM Mihchko, Apnojib/i, He CMor 
cxo/ry npnflyMaTb flOKa3aTejibCTBO h o6 r baBHji sto yTBep:»c,zi,eHHe otkpmtoh npo- 
6jieMOH. B nponecce o6cyjKfleHHH ApHOjibflOM iE.B. III,enHHbiM 6bijio OTKpbiTO 
(hjih nepeoTKpbiTo) noHSTHe ^iipcpepeHin-ipyeMoii o6 r beMjieMofi o/nropoflHOCTH, 
ito h npHBejio k ,i],0Ka3aTejibCTBy npHBOflHMbix pe3yjibTaTOB. 

3aMeiaHHe o flpyrnx BH^ax oflHopoflHOCTH 

HanoMHHM, hto OTo6pa>KeHHe q : R fc — > R m Ha3biBaeTCH Jiunwv/ufieuM, ecjin 
cymecTByeT Taxoe s, hto \q(x) — q{y)\ < s\x — y\ pjm jno6bix flpyx pa3jiHH- 
Hbix Tonex x,y G R fc . KaHTopoBO MHO»cecTBO mojkct 6biTb Aunmuueeo o6t- 
eMjieMO o,n,HopoflHO bjiojkcho b njiocKOCTb (flOKajKHTe hjih cm. [MR99J). 3Ha- 
hht, neeepen ananoz meopeMu\T\ 3ar Aunuiuupeou Kamezopuu (t. e. aHajior, no- 
jiyHeHHbiii 3aMeHoii /niepcpepeHHiipyeMoii oGiseMjieMOH oflHopo/nrocTH Ha jinn- 
HiHn;cBy h flHtpcpepeHHiipyeMbix KpHBbix Ha jiHnHiHu,eBbi). H3 SToro >Ke npn- 
Mepa BbiTeKaeT, hto neeepen anaAoz meopeMU Q dJM nenpepuenou Kamezo- 
puu. 

HanoMHHM, hto (pyHKu,HH Ha3biBaeTca C r -flH(p(pepeHLi,HpyeMOH, ecjin ee r-a 
npoH3BO/i,HaH cymecTByeT h HenpepbiBHa. OKa3biBaeTCH, aHajior TeopeMbi[7]/i,jiH 
C r -KaTeropHH BepeH. 

Teopeivra 9. AnaAoz meopeMu\^ eepen Oah C r -Kamezopuu npu r ^ 1. 

^jih r = 1 pe/i,yKH,Ha SToro pe3yjibTaTa k TeopeMe [7] aHajioriiHHa OKOHna- 
hhh) flOKa3aTejibCTBa yTBepjK,i];eHHa[5] ^jih r ^ 2 flOKa3aTejibCTB0 6ojiee cjiojkho 
|Wi081 theorem B]. 

THnoTe3a 10. AnaAoz meopeMu\T\ eepen 3asi anaAumuuecKoil Kamezopuu. 

§ 5 IIpHJioxceHHe: o6o6m,eHHe Ha MHoroMepHtift 
cjiynaii h MHoroo6pa3Ha 

noHHTHH h pe3yjibTaTbi, c kotophmh Mbi pa6oTajiH, flonycKaiOT ecTecTBeH- 
Hoe o6o6nj,eHHe na MHoroMcpHbiii cjiynait h Ha cjiynaii MHoroo6pa3Hft. 
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Onpe,a,ejieHHe. IIo^,MHO>KecTBO N flHcpebepeHniipyeMoro MHoroo6pa3HH M 
Ha3BiBaeTca duqiqiepeHUALpyeMO o6seMJieMO odnopodnuM, ecjiH pjin jnoSbix flByx 
ToneK x,y £ N cymecTByeT ,n,H(p(peoMop(pH3M MHoroo6pa3HH M, nepeBO/iHinHii 
x b y. (He npeflnojiaraeTca hh HenpepbiBHOCTH npoH3BO/nTon ,a,H(pcbeoMop<pH3Ma 
h, hh HenpepBiBHOii 3aBHCHMOCTH h ot x,y.) 

HanoMHHM, hto no,n,MHOJKecTBO N C M ^HcbipepeHniipyeMoro MHoroo6pa- 
3hh M Ha3BiBaeTCH du<figjepeHU ) upyeMUM nodMHOzoo6pa,3ueM, ecjiH pjia jno6oii 
tohkh x £ N HaftflyTca ee OKpecTHOCTb U h flH(pcpeoMop(pH3M U — > R fc X M. m ~ k , 
no,n, ^eitcTBHeM KOToporo nepeceneHne U H N nepexo/nrT b rpacpHK hckoto- 
poii ^(pcpepemprpyeMOii cpyHKiniH q: M. k — > M m_fe . (3to onpe^ejieHHe, yn,o6Hoe 
fljia /i,OKa3aTejibCTBa HHJKecjie/ryioiHeH TeopeMbi 1111 paBHOCHjibHO CTaH,n;apTHO- 
M y p3g|.) 

HanpiiMep, flncbepepeHnnpyeMO o6 r beMjieMO oflHopo/nrbiM HBjiHeTCH jno6oe 
/nicpcpepeHnnpyeMoe no/rMHoroo6pa3He /rnihcpepeHHiipyeMoro MHoroo6pa3Ha. 
CjieflyrornaH TeopeMa noKa3biBaeT, hto BepHO h o6paTHoe. 

Teopeivra 11 ([RSS96 ). /fugxf)epeHU,upyeMO o6r>eMACM,o odnopodnoe 3a- 
MKHymoe nodMHoatcecmeo duqigjepenuxipyeMozo Mnozoo6pa3usi sieAsiemcsi du<fi- 
(pepeHVjUpyeMtLM nodMHOzoo6pa,3ueM. 

H3BecTHO, hto MHoroo6pa3na oflHopoflHbi ii hto oflHopoflHoe npocTpaH- 

CTBO He o6H3aHO 6bITb MHOrOo6pa3HCM (npHMCp: KaHTOpOBO MHOJKeCTBo). 

TeopeMa [TT] noKa3biBaeT. hto cbohctbo 6bitb du^q^epcnuupycMtiM no^MHO- 
roo6pa3neM paBHOCHjibHO du<$$>epenuupyeMou o6t>cmacmou o^,Hopo/i,HOCTH. 
Cp. [Gl68j . 

Cjie,a,CTBHH o rpynnax J1h 

Ilpn noMorrni TeopeMBi lllI vjo6ho flOKa3biBaTb, tto HexoTopbie rpynnbi hb- 
jihiotch rpynnaMH J1h. HanpiiMep, H3 Hee BbiTexaeT TeopeMa KapTaHa o tom, 
tto Aw6asi 3aMKnymaH nodzpynna zpynnu JIu sieAsiemcsi nodzpynnou JIu. 

Mdesi doKa3ameAbcmea zunome3{I\ (3ia n^ea coo6meHa C.B.HBaHO- 
bbim.) Tpynna caMOCOBMemeHnn Haniero MHOJKecTBa HBjiaeTCH 3aMKHyToii no/i- 
rpynnoii rpynnbi flBHSceHnn (hjih acb(p HHHbIX npeo6pa30BaHnn) , a 3HaHHT, nofl- 
rpynnoft Jlii. Tax KaK MHOJKecTBO cbh3ho, to ee KOMnoHeHTa e/rHHHirbi tojke 
fleiicTByeT Ha MHOJKecTBe TpaH3HTHBHO. CBH3Hbie no/i,rpynnbi JIh cooTBeTCTBy- 
iot noflajire6paM JIh. fljia /iaHHbix KOHKpeTHbix cjiynaeB noflajire6pbi mo>kho 
nepenncjiHTb. Op6iiTbi fleiiCTBHH cooTBeTCTByiornnx no,zrrpynn n 6y^ryT BceMH 

O/THOpOflHblMH MHOJKeCTBaMH. OhH aBTOMaTHHeCKH 6yflyT TJiaflKHMH nOflMHOTO- 

o6pa3HHMH, nosTOMy hx mojkho nepenncjiHTb h c noMOin,bio flHcpepepeHnnajib- 
Hoii reoMeTpnn. □ 

CjieflCTBHe 12. Henpepuenoe deucmeue zpynnu JIu dugjcfjeoMopgjusMa- 
mu na dugjgjepem^upyeMOM Mnozoo6pa3uu sienfiemcsi dufafiepenmipyeMUM, cp. 
[MZ551 Theorem 3, p. 208-209]. 

l U 1 OKa3ameA'bcmeo. 06o3HaHHM ^eiicTBHe nepe3 h : M — > M, t £ G. Onpefle- 
jihm OTo6pa?KeHHe 7 : G->GxM <i\)opMyjio& 7(f) = (t, /i*(*)), r^e * € M — npo- 
H3BOjibHaa Tonxa. ^1,jih jno6oro a G G OTo6pa>KeHHe [x, y) 1— > (xa,h a (y)) onpe- 
,iiejia:eT flH(pcpeoMop(pH3M MHoroo6pa3HH G x M . Oh nepeBOflHT 7(G) b ce6a. 
3HaHHT, no TeopeMe llll TfC 1 ) — flHcpepepeHi^npyeMoe noflMHoroo6pa3ne. IIosto- 
My h (*) ^H(p<pepeHnirpyeMO no t. □ 

Cjie,a,CTBHe 13. Ecau AOKaAbHO KOMnaKmnasi monoAozuuecKasi zpynna 356- 
(fieKmueHO deucmeyem na ZAadnoM Mnozoo6pa3uu dugjgjeoMopgjusMaMU, mo 
3mo zpynna JIu. 
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/JoKasameAbcmeo. 5Icho, hto jno6aH op6nTa HCKOTOporo HenpepbiBHOro pfifi- 
ctbhh TonojiorHHecKofi rpynnbi Ha rjia^KOM MHoroo6pa3HH HHcpcbeoMopcbH3- 
MaMH aBjiaeTCH rjianito oS-beMjieMO onHopoflHoii. TonojiorHHecKaa rpynna A p 
p-aflHnecKHx Hnceji roMeoMopcpHa KaHTopoBy MHOJKecTBy. IIosTOMy H3 Teope- 
Mbi 1111 BbiTeKaeT. hto 

A p He Mozucem ceo6odno (u daatce 9(fjcfjeKmu6Ho) Henpepueno deucmeoeamb 
na e/iadnoM MHozoo6pa3uu du(p(peoMop(f>u3MaMu. 

H3BecTHO [MZ55J , hto nocjieflHee yTBepjK^eHne BjieneT npKa3biBaeMoe cjiefl- 

CTBHe(3 □ 

Cjie/i,CTBHe[T2]AOKa3aHO b 1946 r. Boxhcpom h Mohttomcph [MZ55, Theorem 
2, p. 208] 6ojiee cjiojkhbim o6pa30M. Oho HBjiaeTCH zjiadKou BepcHeft He^oica- 
3aHHOfi rHnoTe3bi FHjib6epTa — CMHTa (cbopMyjiHpoBKa KOTopoft nojiynaeTCH H3 

GDOpMyjIHpOBKH CJieHCTBHH 3aMeHOH CJIOB «rjia^KOM» H «,H,HGb(peOMOp(pH3MaMH» 

Ha «TonojiorHHecKOM» h «roMeoMop<pH3MaMH»). ^OKasaTejibCTBO Aunmuufieou 
BepcHH cm. b [RS97 . 

rnnoTe3a THjibSepTa — CMHTa noHBHjiacb npn peineHHH nHTOii npo6jieMbi 
rnjib6epTa: Am6asi au AOKaAbno eeKAudoea monoAoauuecKaJi zpynna RBAKemcsi 
zpynnou JIu? CaMa naTaa npo6jieMa FHjib6epTa 6bijia nojiojKHTejiBHO peineHa 
b 1952 r. [MZ55J (He3aBHCHMO Dihsohom, a TaKsce MoHTroMepn h L[hhhhhi>im) . 

Cm. TaKxe |AO07llHR08llUY03| . 

/I,OKa3aTejii>CTBc|^] TeopeMbi 1111 

To, hto N HBjiaeTCH nnapcpepeHHiipyeMbiM nonMHoroo6pa3HeM b M — jio- 
KajibHoe ycjiOBHe. IIosTOMy mojkho CHHTaTb, hto M = W 71 . 
06o3HaHHM |x| := \J x\ + . . . + x^ h 

B™> k := {(xi, ...,x m )e M m : -l 2 x k < \x\ < l/l h l 2 \x l \ < \x\ k < is^ m}. 
Torfla 

r>7n, 771+1 1 /7 

• B l ecTb npoKOjiOTaa BHyTpeHHOCTb m-MepHoro niapa pa/niyca l/l, 

• B T { n ' k ecTb OTKpbiTbiH KOHyc Hafl (l/? 2 )-OKpecTHOCTbio fc-MepHoro nojiyma- 
pHH b (to — l)-MepHoii ccoepe pa/rnyca l/l pflsi 1 ^ k ^ to, h 

• £>j = flJIH I > TO. 

06o3HanHM nepe3 O m rpynny opToronajibHbix npeo6pa30BaHHii npocTpaH- 
CTBa R m . 

Bo3bMeM HaH6ojibHiee k 0, riisi KOToporo 

(*) npH jho6om x iE N cymecTByiOT TaKHe I > to h A s O m , hto 

(x + AB™- k ) n N = . 

(HecbopMajibHO sto 3HanHT, hto N HBjiaeTCH «(to — £;)-MepHO jiHniHHHeBbiM».) 
TaKoe k cymecTByeT, nocKOJibKy (*) cnpaBefljiHBO npn k = 0. Cm. pnc. 1181 rne 
m = 2 h k = 1. 

Ecjih k = to + 1 , to N coctoht H3 H30jiHpoBaHHbix tohck h TeopeMa flOKa3a- 
Ha. IIo3TOMy 6y^eM CHHTaTb, hto k ^ to. ,H,ajiee (pHKcnpyeM to h fc h onycxaeM 
hx H3 o6o3HaHeHHft KOHyca B 7 [ n ' k . Bo3bMeM npoH3BOJibHyio nocjieflOBaTejibHOCTb 

1 Bmccto Bbi^ejieHHoro yTBepjKfleHHH o rpynne A p mo^kho Hcnojii>30BaTi> nojio?KHTejii>Hoe 
pemeHiie rmToii npo6jieivibi rHjib6epTa, cm. hhjkg. 

2 9to flOKa3aTejibCTBO (oho noaBHjioct b [Sk07~) npom,e opHrHHajibHoro [RSS96, RSOO] (xo- 
th Hcnojib3yeT Te >Ke npfia). Oho o6o6m;aeT y»ce pa3o6paHHoe flOKa3aTejibCTBO npocTeftniero 
cjiynaa — yTBepjKfleHHH [2] 
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{A;}, Bcro^y njiorayio b O m . 06o3H£l x ihm 

N t :={xEN: (x + A t Bi) n N = 0}. 

oo 

BBii,n,y ycjiOBHa (*) HM66M N — |J AT;, HeTpy^HO npoBepHTb, ito Ni 3aMKHymo 

1=1 

e N (^,OKajKHTe hjih cm. fleTajiH b [RSS961 jieMMa 3.1]). 3hrhht, no TeopeMe 
Bspa o KaTeropiiH HexoTopoe Ni co^epjKHT HenycToe OTKpbiToe b N mhokcctbo 
[RSS96I JieMMa 3.2]. 

IlosTOMy cymecTByiOT TOHKa x G N h 3aMKHyTt>iii m-MepHbiii Ky6 I m jxr'a- 
MeTpa MeHbine l/l c neHTpoM b a;, ^;jia KOTopbix N' := N f] I m C AT;. Tor/ja 

(**) [{y + A t Bi)U (y - AiBi)]n N' = npii jiio6om y 6 N' . 

flencTBHTejiBHO, ecjiH z G (y — AiBi) n AT', to y G (z + AiBi) n N' C N, hto 

HCB03MOJKHO. 

TaK KaK AT 3aMKHyTO, to mojkho CHiiTaTt*, hto AT' komucIktho . Mojkho TaK- 
xce CHHTaTb, hto HeKOTopaa (to — &)-MepHaa rpaHb L Ky6a J m nepneHflHKy- 
jiflpna fc-MepHoit njiocKOCTH Ai (K fe x 0) [L = I m npii k = 0) . 06o3HaHiiM nepe3 
p. jm _^ £ opToroHajibHyio npoeKHHK). 

nepeuu cjiyuau: p{N r ) codepofcum omKpumoe e L MHOOKecmeo U . (3to 
3aseppyio Tax fljiH k — m, Kor,n,a Bee ysce ohgbh^ho , h sto 3aBe,n,OMO He Tax 
^jih /c = 0.) H3 (**) cjieflyeT, hto p HBjiaeTCH B3anMH0 o/i,H03HaHHbiM Ha AT', 
h hto o6paTHoe OTo6pajKeHHe q: U N' jiHnniHHeBO. IlosTOMy q HMeeT toh- 
Ky ^HcpcpepcHinrpyeMOCTH [Fe69l TeopeMa 3.1.6]. Tor^a H3 ;picpcpepeHHHpye- 
moh o6 r beMjieMoii o/nropo/nrocTH BbiTexaeT, hto q /jHcpepepeHinipyeMO b jik>6oh 
TOHKe. IIosTOMy ycjiOBHe H3 onpeflejieHHH /nicpepcpeHHiipyeMoro no^,MHoroo6- 
pa3HH BbinojiHeHO b o/nroii tohkc MHOxcecTBa AT. Tor^a H3 flHcpcpcpeHirHpyeMoii 
o6T>eMjieMOH o,zi,hopo,zi,hocth BbiTexaeT, hto A" HBjiaeTCH /jncp(pepeHHHpyeMbiM 
noflMHoroo6pa3neM . 

Bmopou CAyuau: p(N') He codepatcum nuKaKozo orriKpumozo e L Mnootce- 
cmea. (3HaHHT, k < m.) TaK K&np(N') He coflepaarr OTKpbiToro b L MHoacecTBa, 
to cymecTByeT TOHKa a G L — p(N'), /ipcTaTOHHO 6jiH3Kaa k Hempy rpaHH L 
(TOHHee, paccToaHHe ot KOTopofi flo ueHTpa rpaHH L MeHbine neTBepTH flHaivreT- 
pa 3toh rpaHn). TaK KaK p(N') KOMnaKTHO, to paccTOHHne ot a pp p(N') He paB- 
ho Hyjuo h cymecTByeT TOHKa z G N' , pjisi KOTopofi \a — p(z)\ paBHO STOMy pac- 

CTOHHHIO. iloCKOJIBKy a ^OCTaTOHHO 6jIH3KO K H^eHTpy rpaHH L, TO p(z) JiejKHT 

enympu rpaHH L. Tor^,a otkpbitbih (to — fc)-McpHbiH map D C L c hchtpom b a 
h paflnycoM | a — p(z)\ He nepeceKaeT p(N'). IlosTOMy p~ 1 (D) n N' — 0. 5Icho, 
hto 

(z + AiBi) U(z- AiBi) Up^ 1 (D) Dz + AiB r s n ' k+1 pjisi neKOToporo s. 

OTCKyja h H3 (**) cjie/ryeT, hto (z + A s B" hk+1 ) f) N = 0. TaK KaK A^ ^,H(p(pe- 
penHiipyeMO o6T>eMjieMO oflHopoflHO, to npn jik>6om ieiV cym,ecTByiOT OKpecT- 
hocth U z h Ux ToneK z h x b R m h ^H(p(peoMop(pH3M h : U z — > Ux, nepeBOflH- 
hj,hh z b x h Uz H N b Ux f~l A". Tor^a no onpe/i,ejieHHio flH(p(peoMop(pH3Ma 

h(Uz D(z + A s B 7 s n > k+1 )) Dx + AB™ k+1 pjisi HeKOTopbix A G O m h u > to. 

3HaHHT, (*) BbinojiHeHO c 3aMeH0it k Ha k + 1. 3to npoTHBopenHT MaKCHMajib- 
hocth nncjia k. □ 
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